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Review :

Let Prix ) be the Poisson kernel on the circle
,
i. e

,

Pra) = ,
o Ers 1

,
✗ c- E- IT, -111

.

1- Zr cos ✗ + v2

Let f be integrable on the circle
,

and set

Ulr, O ) : = Pr # fall
,

* KI
,

Ot E- it
, -111

.

Then

•
OU = 0 on { 1h01 : Otra }

• Ufno) fool if f is cts at o

chap 3 . Convergence of Fourier series
.

1 . Mean convergence of Fourier series

we are going to prove the following results .



_hm1 : Let f be integrable on the circle
. Then

4) f
"

/ fan - Safe , [dx → o as N→ is
- IT

( f- convergence )

(2) ( Parsevalindentity )
is

¥, É / fail
>

dx = It.fm/2n=-f
Let 92 denote the collection of a able functions
on the circle

.
Then R is a linear space over 1C

.

• If f- c- 92 and CEE
,
then c.f. C- 72

.

• If f , g c- 72
,

then ftg c- R
.

Let f , g c- 92
. Define

IT

< f , g > : = ¥ f-a fan get dx

Indeed
, < •

,
• > is an inner product over Q ,

which satisfies
the following 3 properties .



④ (conjugate symmetry )

( f , g > =

② linearity in the first argument )

s aft pg , h > = 2s f , h > + Psg , h >

2, PEG
,

f
,
9
,
he 72

.

( conjugate linearity in the second argument )

( f
, 2Gt ph > = I < f. 9 >

+ B- < f. h ?

③ s f , f > zo ( positive -definite )

• D¥ .

We say that f , g c- 92 are

ecthyma
if

6 f , g > = 0

In this case
,
we write f- 1- g.

• DIE ( norm) For f- c- 92
,

set

115-11 = N



= ✓¥÷tfdx
.

we call 11£11 the norm of f ( or the E- norm of f)
.

Kem 1.2 ① ( Pythagorean -1hm)

If f- 1- G , then

115-+8112=115-112+11811!

_b
② ( Cauchy - Schwartz inequality )

/ < f , g > I £ 11ft • 11911
.

③ ( triangle inequality )

115-+811 s 118-11+11911
.

Pf . Refer to any textbook
on linear algebra

. j☒,



For ne 2-
,
define

en(x ) : = Lim
,

✗ C- E- IT
, -111

Then en C- 92
.

Observe that for f- c- 92
,

Fini = ¥, fan e-
"✗

dx

= < f- , en >

Notice that { en }n=%e 92
,
it is

orthonormal in the following sense :

① Henk =/ for all nez

② en 1- em if ntm
.



Lem 1.3
.

For any Ali c- LN and any -mental
,

< f- Snf , en > = 0

for all f- c- 72 .

Pf
. Notice that

C. f- Snf , en > = < f. en > - (Snf
,
en >

~

= f^cn , - (Swf ) (n )
= fan ) - font
= 0

☒

Corollary 1.4 .

Let f- c- 92
,
NE IIT

,
and let

pan = cnéinx
n=-N

Then p 1- (f- Snf ) .



N

Lem 1.5
.

Let Pan =
¥
one

""
= I cnen

h= -N h= -N

Then
11PM
'
= É lent

h= -N

consequently
ftp.ll-0#Cn=ofor-NtnEN

pf
.

11 PIP = sp , p >
N NE Cmem )= ( I Cnen

,
m= -Nn=-N

= É É Cn In < en
,
em >

n=-N m= -N

N

= ¥,
Kni

.

☒,



Lem 1.6 ( Best approximation -1hm )

Let fe 92 and NEAT
.

Then

(1)

It f- Smfh £11 f- É en en 11
n=-N

for any (Cn)
-
il, e E .

e) The "

holds if and only if Cn=f^cn )
for all
- N EN E N .

Pf . f- É en en
n=-N

= (f- Snf ) + ( Swf - linen )
= ( f - Saf ) + Ét (Fcn) -G) en

n--

If
= :P

Notice that p 1- § -5µF ) ( by Con 1.41
.

By Pythagorean -1hm ,

11 f- Écnen 112=11 f- SHIP -1 11 PIP-N



= 11 f- suffix É /Fan - cnl?
- N

Hence 11 f- ¥
"

Cuen 11>-11 f- Smfh

and
"

holds ⇐ §cn)=Cn for -Nen EN
.

☒

Fhm 1.1
.

Let f- c- 92 .

Then

① [IT / fan- Safari Pdx → 0 as N→w
.

③ 115-112 = Effort
.

- is

Pf . We first prove ①
,
which is equivalent to

Ilf -5*5-11 → o as N→•
.

We claim that for any E > o
,

7- a trigonometric

polynomial pp such that

11 f- PHSE .



We first assume that f is cts on the circle
.

In this case
, by the Weierstrass approximation -1hm,

⇒ a trigonometric polyp such that

ffcx ) - Pan / se for all ✗ c- Et, -117
.

Then

11 f- ④ If = ¥ ¥ Ifan - pcxstfdx

f {
2

Hence
11 f- pH < E.

Next we consider the general case when f-c- 92
.

In such case
,
we can find a cts function of on

the circle such that

• sup 1gal e supt.fm/=:1lflhsXtElT
, -111

✗ C- FIT , -111

• [¥ / fan - gas / dx I
±
4. 115-115



Then
11 f - g 112 = ¥ [÷ Ifan - gait dx

e ¥ ⇐ 211ft / • • If G) - gcxsldx

£ 14¥ ⇐ Ifan -gcxsldx

£ Hf¥o_ . 4¥51In
= ¥,

< ÷
Hence 11 f- 811 < E- .

Then we can find a trigonometric poly p such that

11 g- pH < %

By the triangle inequality

11 f - p 11£ 11 f- gut 11 g- Pll
< Eh -1 % = E

.

This completes the proof of the claim .



Let P be given as in the claim
.

Write M = deg ( P ) .

Next we show that

11 f- 5µF 11 < e for all 14>-14 .
④

Since HIM
, by the best approximation -1hm

11 f- Smfh s 11 f- PM se
.

That is
,
④ holds

. Therefore

him 11 f- Snf 11=0
.Nhs

is

Now we prove ② : 115-11
'

= I lf^cn ) / ?
n=- is

Notice that f- = (f- Snf ) + Snf

But 5µF 1- (f- 5µF ) .

( by Cor 1.41
.



By Pythagorean -1hm
,

1$11
>

= 11 f- Smfh
'

-1 115*5-112

= 11 f- Smfh't É Hint
h= -N

Letting N→w and observing that
11£ - Smfh → 0

,

heme
115-112=11 'm

É / fkn ) /
2

N→w n= -N

is

= E.
n=-•

1-5%12
.

1¥



Renard : In Thm 1.1
, f- c- 92 can be replaced

by any integrable function on ETI
,
-111

.

Example 1.7 . Let fcxtx on E- it, -111
.

C-Hifan ~ I
'

n¥o a-
einx

By the Parseual identity
,

we have

115-11 '= É font
n= -is

co

=

Into % = 2 ' ¥
,
¥

But

115-117 ¥, ⇐ Rdx

= ¥, - ¥ /¥
,
= ¥ .



So we have

¥=÷;÷
is

⇒ ¥
,
¥ =

. ( Euler 's identity )
.


